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The problem of classifying, up to isometry, the orientable 3-manifolds that arise by
identifying the faces of a Platonic solid was completely solved in a nice paper of
Everitt [B. Everitt, 3-manifolds from Platonic solids, Topology Appl. 138 (2004) 253–263].
His work completes the classiﬁcation begun by Best [L.A. Best, On torsion-free discrete
subgroups of PSL2(C) with compact orbit space, Canad. J. Math. 23 (1971) 451–460],
Lorimer [P.J. Lorimer, Four dodecahedral spaces, Paciﬁc J. Math. 156 (2) (1992) 329–335],
Prok [I. Prok, Classiﬁcation of dodecahedral space forms, Beiträge Algebra Geom. 39 (2)
(1998) 497–515; I. Prok, Fundamental tilings with marked cubes in spaces of constant
curvature, Acta Math. Hungar. 71 (1–2) (1996) 1–14], and Richardson and Rubinstein
[J. Richardson, J.H. Rubinstein, Hyperbolic manifolds from a regular polyhedron, preprint].
In a previous paper we investigated the topology of closed orientable 3-manifolds from
Platonic solids in the spherical and Euclidean cases, and completely classiﬁed them, up
to homeomorphism. Here we describe many topological properties of closed hyperbolic
3-manifolds arising from Platonic solids. As a consequence of our geometric and topological
methods, we improve the distinction between the hyperbolic “Platonic” manifolds with the
same homology, which up to this point was only known by computational means.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and statement of the results
Let X = S3, E3 or H3. A 3-space form (or, an X-manifold) M is an orbit space X/G , where G is an isometry group acting on
X properly discontinuously and without ﬁxed points. This gives a tiling of X . The isometries of G , mapping a distinguished
tile onto its neighbours, identify the boundary faces of the tile in pairs. Such isometries generate the fundamental group
of M . Of course, M is the quotient space obtained from any distinguished tile via the above pairing of its boundary faces.
A Platonic solid in X is a polytope P with the combinatorial type of a Platonic solid (convex regular solid), embedded in X , so
that all side lengths are equal, as are the interior face angles and dihedral angles. Everitt classiﬁed in [4], up to isometry, the
orientable 3-space forms that arise from tilings of X by Platonic solids. This completes the work begun by several authors
(see [1,9,12,13,15]). These results, obtained by algebraic and computational methods, follow from the classiﬁcation of certain
subgroups of rank four Coxeter groups. The following theorem summarizes the results of the quoted papers according to
Everitt notation (explained after the statement).
Theorem 1.1. (Everitt [4], Lorimer [9]) The closed orientable spherical 3-manifolds arising from Platonic solids as space forms are listed
in the following table:
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M1 abab a(−−)b(−−)aabb Z5
M2 ababcc a(++)b(+−)aac(+−)bcd(+−)bcdd Z8
M3 abcbca a(++)b(−−)c(+−)cd(−−)bdabdac Z2 ⊕ Z2
M4 abcacbdd a(++)b(+−)c(+−)ad(++)cbdacdb Z2 ⊕ Z6
M5 abcacdbd a(++)b(−−)c(++)ad(−+)cbcaddb Z8
M6 abcdcdab a(++)b(++)c(++)d(++)bcdadabc Z3
M7 abcdef ef bcda a(−+)b(−+)c(−+)d(−+)e(−+) f (−+)g(−+) 0
h(−+)i(−+) j(−+)idjef agbhcghi j f eabcd
M8 abcdef bdcf ea a(−+)b(−+)c(−+)d(−+)e(−+) f (++)g(++) Z15
h(++)i(++) j(++)ajcgbf eidhf hg jieabcd
The manifold M1 comes from the tetrahedron with dihedral angle 2π/3, M2 and M3 from the cube with angle 2π/3, M4 , M5 and M6
from the octahedron with angle 2π/3, and M7 and M8 from the dodecahedron with angle 2π/3.
Theorem 1.2. (Everitt [4], Prok [12,13]) The closed orientable Euclidean 3-manifolds arising from Platonic solids as space forms are
listed in the following table:
Euclidean manifolds F E Homology
M9 abacbc a(+ + +)b(+ + +)aac(+ + +)bccbcba Z3 ⊕ Z
M10 abbcca a(− + −)ab(− − +)c(− + −)bacbbacc Z2 ⊕ Z2 ⊕ Z
M11 abccba a(− + −)ab(− − +)c(+ − −)bccbbcaa Z4 ⊕ Z4
M12 abcbca a(+ + +)b(+ + +)c(+ + +)bcaaccbba Z ⊕ Z ⊕ Z
M13 abcbca a(+ + +)b(+ + +)c(− + −)cbaacbbca Z2 ⊕ Z
M14(= M10) abcbca a(− + −)b(+ − −)c(+ + +)bcaaccbba Z2 ⊕ Z2 ⊕ Z
All these manifolds arise from the familiar cube with dihedral angle 2π/4.
In a previous paper we investigated the topology of the above manifolds, and completely classiﬁed them, up to homeo-
morphism.
Theorem 1.3. (Cavicchioli, Spaggiari and Telloni [3]) The spherical and Euclidean manifolds obtained from Platonic solids as space
forms are homeomorphic to the following ﬁbered spaces:
Spherical manifolds
M1 ∼= L(5,2)
M2 ∼= L(8,3)
M3 ∼= S3/〈222〉 = (O 0 o : −1 (2,1)(2,1)(2,1))
M4 ∼= S3/Q 8×Z3 = (O 0 o : 0 (2,1)(2,1)(2,1))
M5 ∼= S3/D24 = (O 0 o : −1 (2,1)(2,1)(3,2))
M6 ∼= S3/〈332〉 = (O 0 o : −1 (3,1)(3,1)(2,1))
M7 ∼= S3/P120 = (O 0 o : −1 (2,1)(3,1)(5,1))
M8 ∼= S3/P24×Z5 = (O 0 o : −1 (2,1)(3,2)(3,2))
Euclidean manifolds
M9 ∼= T × I/( 0 1
−1 −1
) = (O 0 o : −1 (3,1)(3,1)(3,1))
M10 ∼= M14 ∼= T × I/(−1 0
0 −1
) = (O 0 o : −2 (2,1)(2,1)(2,1)(2,1))
M11 ∼= (K ×∼ I) ∪ (K ×∼ I)/(0 1
1 0
) = (O 1 n : −1 (2,1)(2,1))
M12 ∼= T × I/(1 0
0 1
) = S1 × S1 × S1
M13 ∼= T × I/( 0 1
−1 0
) = (O 0 o : −1 (4,1)(4,1)(2,1))
The compact space forms from Platonic solids which admit a hyperbolic structure were determined by Richardson and
Rubinstein in a remarkable but unpublished manuscript [15]. More recently, a computational listing of such manifolds was
also obtained in a nice paper of Prok [13].
Theorem 1.4. (Richardson and Rubinstein [15], Prok [13]) The closed orientable hyperbolic 3-manifolds arising from Platonic solids as
space forms are listed in the following table:
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M15 abcdef ef bcda a(− + −+)b(− + −+)c(− + −+)d(− + −+)e(− + −+) Z5 ⊕ Z5 ⊕ Z5
cdeabf (+ + ++)af bf c f df ecdeabdeabc
M16 abcdef def bca a(+ + ++)b(+ + ++)c(+ + ++)d(+ + ++)e(+ + ++) Z5 ⊕ Z5 ⊕ Z5
abcdebf (+ + ++)cf df ef af cdeabbcdea
M17 abcdef def bca a(+ − ++)b(− + ++)c(− − −+)d(+ + −+)e(+ − ++) Z3 ⊕ Z3
debaf (+ − ++)bcf af ef cdcf edabeabcd
M18 abccadeef bf d a(+ + −−)ab(− + ++)ac(− + −+)d(− + ++)bab Z35
e(+ + +−)ef (− − +−)bf dcaecdf f f ddcbece
M19 abcdef ebf dca a(− + −+)b(− + −+)c(− + −+)d(− + −+)e(− + −+) Z5 ⊕ Z15
edacbf (+ + ++)cf ef bf af dbdaeceabcd
M20 abcdef f bdeca a(+ + ++)b(+ + ++)c(+ + ++)d(+ + ++)e(+ + ++) Z15 ⊕ Z15
adbcecf (+ + ++)ef df bf af eacdbdeabc
M21 abcdebedf f ca a(+ − ++)b(+ − ++)c(− − −+)d(− + −+)e(− + ++) Z48
cedaef (− − +−)af df bf c f ebdcbacdeab
M22 abbcadef ec f d a(+ + +−)b(+ + −+)c(− − ++)ad(− + +−)a Z29
e(+ − +−)dbbeaecf (+ − −+)acf cef f dedbdbf c
M23 abcbdaef ghihdef jgc ji a(−+)b(+−)c(−−)d(−−)e(−+)deabf (−+) Z11 ⊕ Z11
g(+−)h(−+)i(+−)iacc j(++) jhdebf g f ghi j
M24 abcdebf ceghhii j j f gda a(−+)b(−+)c(−+)d(−−)e(++)cf (−−)ea Z9
g(−−)ebh(+−)gi(+−)dj(+−) f ghhdii f j jabc
M25 abcdef bdgehii j jhf gca a(++)b(++)c(++)d(++)e(+−)cdf (+−)ad Z2 ⊕ Z18
g(+−)bf h(−+)gi(+−)ej(−+)i jg jhehi f abc
M26 abcdaef dg f hihcj jbige a(++)b(+−)bc(+−)d(−−)e(+−)baf (−−) Z35
g(+−)ef gh(++)ghci(+−)dj(−+) j jdeiicahf
M27 abcdabef ghci jidf jghe a(++)ab(−+)c(++)d(++)e(−−)bacf (+−) Z29
g(+−)h(+−)ei(−+) j(++)dj f idhgihebg j f c
M28 abcdaebdf ghic jehj f gi a(++)b(+−)bc(−−)d(−+)e(++)bacdef (+−) Z29
g(−−)h(+−)di(−+)aj(−−)i j f ehgcighj f
The manifolds M15, . . . ,M22 come from the dodecahedron with dihedral angle 2π/5, and M23, . . . ,M28 from the icosahedron with
angle 2π/3.
Remark. The manifold M15 is the Seifert–Weber 3-manifold [16] (see also [9]). For manifolds in Theorem 1.4 with the
same ﬁrst homology, algebraic arguments are provided in [15] to show that they are all distinct. We obtain all these facts
as particular consequences of our geometric and topological methods. This gives very important improvements to former
computational results. Finally, notice that the edge identiﬁcations given for the manifolds M5 (Theorem 1.3) and M23, M24
(Theorem 1.4) do not quite agree with those for the corresponding ones in Tables 2 and 3 of the paper of Everitt [4]
(there denoted by M5 in Table 3 and M9, M10 in Table 2, respectively). But we have accurately checked the side pairings
of the boundary faces of the related polyhedrons, and can aﬃrm that our listings of symbols are right. This corrects some
transcription errors in paper [4].
Now we recall the Everitt notation for the tables. The columns F and E give the face and edge identiﬁcations in the form
of an encoded string of letters and ± signs to be read in conjunction with Fig. 1. The ith and jth faces are paired when
the ith and jth positions of the string in column F are occupied by the same letter. Similarly, for the edge identiﬁcations,
where a string of ±’s after a letter indicates whether the corresponding edge is identiﬁed with subsequent ones with
the orientations matching or reversed. For example, the Seifert–Weber manifold M15 arising from the dodecahedron with
dihedral angle 2π/5 has face identiﬁcations abcdef ef bcda, where a indicates that faces 1, 12 are identiﬁed, b indicates that
faces 2, 9 are identiﬁed, and so on. It has edge identiﬁcations
a(− + −+)b(− + −+)c(− + −+)d(− + −+)e(− + −+)
cdeabf (+ + ++)af bf c f df ecdeabdeabc
where a indicates that edges 1, 9, 12, 24 and 28 are identiﬁed, and a(− + −+) means edge 1 is identiﬁed with edge 9 so
that the identiﬁcations are reversed, with edge 12 so they match, with edge 24 so they are reversed, and with edge 28 so
they match. From the data in these two columns one can reconstruct the side pairing of the boundary faces of the Platonic
solid. This completely deﬁnes the quotient manifold. From the polyhedral representation, one obtains immediately a ﬁnite
presentation of the fundamental group and a Heegaard diagram of the quotient manifold.
The purpose of this paper is to describe many topological properties of closed hyperbolic 3-manifolds arising from
Platonic solids. Here we state our main result.
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Theorem 1.5. For the closed orientable hyperbolic 3-manifolds arising from Platonic solids as space forms, the following properties
hold:
(a) The manifolds M15 (Seifert–Weber) and M16 coincide with the manifolds M5,2 and M5,1 , respectively, constructed in [5]. They are
5-fold strongly cyclic coverings of the 3-sphere branched over the Whitehead link. These manifolds have the same homology but
they are distinct.
(b) The manifold M20 is the Lorimer dodecahedral space with homology Z15 ⊕ Z15 [9].
(c) The manifold M23 is the Fibonacci manifold M5 (of Heegaard genus 2) encoded by the standard presentation of the Fibonacci
group F (2,10) with generators x1, . . . , x10 and relations xixi+1 = xi+2 (subscripts mod 10). It is the 5-fold (resp. 2-fold) cyclic
covering of the 3-sphere branched over the ﬁgure eight knot (resp. the knot 10123) (see [6] and [7]).
(d) The manifolds M24 and M25 are 3-fold strongly cyclic coverings of the lens space L(3,1) branched over two (non-equivalent)
2-component links L24 and L25 , respectively (see Fig. 2).
(e) The manifolds M26 , M27 , and M28 have Heegaard genus 2, and they are 2-fold coverings of the 3-sphere branched over the
π -hyperbolic 3-bridge knots K26 , K27 , and K28 , respectively, depicted in Fig. 3. The knots K26 and K28 are chiral and invertible
while K27 is chiral and non-invertible. The symmetry group of K27 and K28 (resp. K26) is Z2 (resp. D2). The manifolds M27 and
M28 have the same homology but they are distinct.
2. Proof of Theorem 1.5
(a) First we recall some results from [5]. The Seifert–Weber hyperbolic dodecahedron space is the 5-fold strongly cyclic
covering of the 3-sphere branched over the Whitehead link (which is the 2-bridge link b(8,3)). A generalization of it was
discussed in [5], where the authors described combinatorially the n-fold strongly cyclic covering Mn,k = Mn,k(8/3), 0 < k < n
and (n,k) = 1, of the 3-sphere branched over b(8,3). For every n  3, these manifolds carry hyperbolic structures, and it
was proved in [5, Theorem 1.1], that Mn,k and Mn,k′ are homeomorphic (resp. isometric) if and only if k′ ≡ (±k)±1 (mod n).
The fundamental group of Mn,k has a ﬁnite balanced presentation with generators u and ai , i = 1, . . . ,n, and relations
a1a2 · · ·an = 1 and aiuai+k+1 = ai+kai+1, for i = 1, . . . ,n (subscripts mod n).
Now we can use the Mostow rigidity theorem to show that M15 and M16 are isometric to M5,2 ∼= M5,3 and M5,1 ∼= M5,4,
respectively. In particular, such manifolds have the same homology Z35 (and the same volume ∼ 11.199064741) but they are
distinct. The Seifert–Weber manifold M15 comes from a dodecahedron with dihedral angle 2π/5. The face identiﬁcations
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imply that (1,12), (2,9), (3,10), (4,11), (5,7) and (6,8) are pairs of equivalent faces on the boundary of the dodecahedron.
The edge identiﬁcations give six classes of equivalent edges, denoted by a (1 ≡ 9, 1 ≡ 12, 1 ≡ 24 and 1 ≡ 28), b (2 ≡ 10,
2 ≡ 14, 2 ≡ 25 and 2 ≡ 29), c (3 ≡ 6, 3 ≡ 16, 3 ≡ 21 and 3 ≡ 30), d (4 ≡ 7, 4 ≡ 18, 4 ≡ 22 and 4 ≡ 26), e (5 ≡ 8, 5 ≡ 20,
5 ≡ 23 and 5 ≡ 27) and f (11 ≡ 13, 11 ≡ 15, 11 ≡ 17 and 11 ≡ 19). Here 1 ≡ 9 (resp. 1 ≡ 12) means that edge 1 is identiﬁed
with edge 9 (resp. 12) so that the identiﬁcation is reversed (resp. matches). The quotient space has exactly one vertex, so
π1(M15) has a presentation with generators a, b, c, d, e and f and relations abcde = 1, af d = cb, bf e = dc, cf a = ed,
df b = ae and ef c = ba. These relations can be read by walking around the oriented boundaries of the faces. Setting f = u,
a = a1, b = a2, c = a3, d = a4 and e = a5, we get the presentation with generators u and ai , i = 1, . . . ,5, and relations
a1a2 · · ·a5 = 1 and aiuai+3 = ai+2ai+1, for i = 1, . . . ,5 (subscripts mod 5). This is the standard presentation of π1(M5,2)
given above, hence M15 is isometric to M5,2 by the Mostow rigidity theorem.
The manifold M16 comes also from a dodecahedron with dihedral angle 2π/5. The face identiﬁcations imply that (1,12),
(2,10), (3,11), (4,7), (5,8) and (6,9) are pairs of equivalent faces on the boundary of the dodecahedron. The edge identi-
ﬁcations give six classes of equivalent edges, denoted by a (1 ≡ 6, 1 ≡ 19, 1 ≡ 24 and 1 ≡ 30), b (2 ≡ 7, 2 ≡ 11, 2 ≡ 25 and
2 ≡ 26), c (3 ≡ 8, 3 ≡ 13, 3 ≡ 21 and 3 ≡ 27), d (4 ≡ 9, 4 ≡ 15, 4 ≡ 22 and 4 ≡ 28), e (5 ≡ 10, 5 ≡ 17, 5 ≡ 23 and 5 ≡ 29)
and f (12 ≡ 14, 12 ≡ 16, 12 ≡ 18 and 12 ≡ 20). The quotient space has exactly one vertex, so π1(M16) has a presentation
with generators a, b, c, d, e and f and relations abcde = 1, af c = b2, bf d = c2, cf e = d2, df a = e2 and ef b = a2. Setting
f = u, a = a1, b = a2, c = a3, d = a4 and e = a5, we get the presentation with generators u and ai , i = 1, . . . ,5, and relations
a1a2 · · ·a5 = 1 and aiuai+2 = a2i+1, for i = 1, . . . ,5 (subscripts mod 5). This is the standard presentation of π1(M5,1) given
above, hence M16 is isometric to M5,1 by the Mostow rigidity theorem.
(b) The manifold M20 comes also from a dodecahedron with dihedral angle 2π/5. The face identiﬁcations imply that
(1,12), (2,8), (3,11), (4,9), (5,10) and (6,7) are pairs of equivalent faces on the boundary of the dodecahedron. The edge
identiﬁcations give six classes of equivalent edges, denoted by a (1 ≡ 6, 1 ≡ 19, 1 ≡ 22 and 1 ≡ 28), b (2 ≡ 8, 2 ≡ 17, 2 ≡ 25
and 2 ≡ 29), c (3 ≡ 9, 3 ≡ 11, 3 ≡ 23 and 3 ≡ 30), d (4 ≡ 7, 4 ≡ 15, 4 ≡ 24 and 4 ≡ 26), e (5 ≡ 10, 5 ≡ 13, 5 ≡ 21 and 5 ≡ 27)
and f (12 ≡ 14, 12 ≡ 16, 12 ≡ 18 and 12 ≡ 20). The quotient space has exactly one vertex, so π1(M20) has a presentation
with generators a, b, c, d, e and f and relations abcde = 1, a2 = ef c, bd = af e, cb = df d, dc = bf b and e2 = cf a. Setting
x1 = c, x2 = d, x3 = e, x4 = a, x5 = b and x6 = f , we get the presentation with generators xi , i = 1, . . . ,6, and relations
x1x2 · · · x5 = 1, x24 = x3x6x1, x5x2 = x4x6x3, x1x5 = x2x6x2, x2x1 = x5x6x5 and x23 = x1x6x4. This is easily seen to be equivalent
to the presentation for the fundamental group of the Lorimer hyperbolic dodecahedral space with homology Z15 ⊕ Z15
(see [9]). Then statement (b) follows from the Mostow rigidity theorem.
(c) The manifold M23 comes from an icosahedron with dihedral angle 2π/3. The face identiﬁcations imply that (1,6),
(2,4), (3,18), (5,13), (7,14), (8,15), (9,17), (10,12), (11,20) and (16,19) are pairs of equivalent faces on the boundary
of the icosahedron. The edge identiﬁcations give ten classes of equivalent edges, denoted by a (1 ≡ 8 and 1 ≡ 15), b (2 ≡ 9
and 2 ≡ 23), c (3 ≡ 16 and 3 ≡ 17), d (4 ≡ 6 and 4 ≡ 21), e (5 ≡ 7 and 5 ≡ 22), f (10 ≡ 24 and 10 ≡ 26), g (11 ≡ 25
and 11 ≡ 27), h (12 ≡ 20 and 12 ≡ 28), i (13 ≡ 14 and 13 ≡ 29) and j (18 ≡ 19 and 18 ≡ 30). The quotient space has
exactly one vertex, so π1(M23) has a presentation with generators a, b, c, d, e, f , g , h, i and j and relations abc = 1,
de−1a−1 = 1, ide = 1, ab−1e−1 = 1, bc−1 f −1 = 1, f g−1c−1 = 1, g jh−1 = 1, id−1h = 1, jhi−1 = 1 and g j−1 f = 1. Setting
a = x1, b = x2, c = x−13 , f = x4, g = x5, j = x6, h = x7, i = x8, d = x9 and e = x−110 , we get the presentation with generators xi ,
i = 1, . . . ,10, and cyclic relations xixi+1 = xi+2, for i = 1, . . . ,10 (subscripts mod 10). This is the standard presentation of
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the Fibonacci group F (2,10), hence M23 is isometric to the Fibonacci manifold M5 (of Heegaard genus 2) constructed in [7]
(see also [6]).
(d) The manifolds M24 and M25 come from an icosahedron with angle 2π/3; they can be treated in a similar way
so, for brevity, we discuss only the ﬁrst of them. The face identiﬁcations imply that (1,20), (2,6), (3,8), (4,19), (5,9),
(7,17), (10,18), (11,12), (13,14) and (15,16) are pairs of equivalent faces on the boundary of the icosahedron. The edge
identiﬁcations give ten classes of equivalent edges, denoted by a (1 ≡ 9 and 1 ≡ 28), b (2 ≡ 12 and 2 ≡ 29), c (3 ≡ 6 and
3 ≡ 30), d (4 ≡ 16 and 4 ≡ 22), e (5 ≡ 8 and 5 ≡ 11), f (7 ≡ 18 and 7 ≡ 25), g (10 ≡ 14 and 10 ≡ 19), h (13 ≡ 20 and
13 ≡ 21), i (15 ≡ 23 and 15 ≡ 24) and j (17 ≡ 26 and 17 ≡ 27). The quotient space has exactly one vertex, so π1(M24)
has a presentation with generators a, b, c, d, e, f , g , h, i and j and relations abc = 1, aed−1 = 1, bef −1 = 1, ceg−1 = 1,
cf i−1 = 1, ag j−1 = 1, bdh−1 = 1, h2g = 1, i2d = 1 and j2 f = 1. Setting a = x1, b = x2, c = x3, d = y1, e = u, f = y2, g = y3,
h = z1, i = z2 and j = z3, we get the presentation for π1(M24) with generators u, xi , yi , and zi , i = 1,2,3, and relations
x1x2x3 = 1, xiu = yi , xi yi+2 = zi+2 and z2i yi−1 = 1, for i = 1,2,3 (subscripts mod 3). This shows that the polyhedral scheme
deﬁning M24 can be presented in a Z3-symmetric form as illustrated in Fig. 4, where the labels of the faces on the boundary
of the icosahedron (see Fig. 1) are changed as follows: 1 → F , 2 → F1, 5 → F2, 8 → F3, 10 → E3, 3 → F3, 4 → E1, 6 → F1,
7 → E2, 9 → F2, 11 → G1, 12 → G1, 13 → G2, 14 → G2, 15 → G3, 16 → G3, 17 → E2, 18 → E3, 19 → E1 and 20 → F . To
obtain the quotient manifold M24 we must identify the pairs of faces (F , F ), (Fi, Fi), (Ei, Ei) and (Gi,Gi), i = 1,2,3, and
also the corresponding oriented edges on the boundary with the same labels (see Fig. 4). Let ρ be the homeomorphism of
M24 which corresponds to the 3-rotational symmetry of the polyhedron in Fig. 4. It follows that its 1/3-piece (pictured in
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Fig. 4) is the fundamental polyhedron for the quotient orbifold M24/〈ρ〉 . The fundamental group of the topological space,
underlying M24/〈ρ〉 , has a presentation with generators u, x, y and z and relations x = 1, xu = y, xy = z and z2 y = 1. Thus
it is isomorphic to Z3 ∼= 〈z: z3 = 1〉. A Heegaard diagram for the space underlying M24/〈ρ〉 , obtained from the 1/3-piece by
side pairing of its boundary faces, is pictured in Fig. 2. We see that such a space is topologically homeomorphic to the lens
space L(3,1). The singular set of the 3-fold branched covering M24 → L(3,1) is the union of the image of the North–South
rotational axis and the image of the loop u. So we get a 2-component link L24 with branching index 3 on each component
of it (these components are represented by dotted lines in Figs. 2 and 4).
Reasoning as above, we see that the Z3-symmetric polyhedral scheme deﬁning M25 induces a presentation for π1(M25)
with generators u, xi , yi , and zi , i = 1,2,3, and relations x1x2x3 = 1, xi yi = u, yi zi = xi−1 and zi−1zi = yi−1, for i = 1,2,3
(subscripts mod 3).
(e) We discuss only the manifolds M27 and M28 which have the same ﬁrst homology group Z29. Our geometric methods
allow us to show that such manifolds are distinct. The result for the manifold M26 can be obtained in the same manner. The
manifold M27 comes from an icosahedron with angle 2π/3. The face identiﬁcations imply that (1,5), (2,6), (3,11), (4,15),
(7,20), (8,16), (9,18), (10,19), (12,14) and (13,17) are pairs of equivalent faces on the boundary of the icosahedron. The
edge identiﬁcations give ten classes of equivalent edges, denoted by a (1 ≡ 2 and 1 ≡ 8), b (3 ≡ 7 and 3 ≡ 26), c (4 ≡ 9
and 4 ≡ 30), d (5 ≡ 16 and 5 ≡ 20), e (6 ≡ 13 and 6 ≡ 25), f (10 ≡ 18 and 10 ≡ 29), g (11 ≡ 22 and 11 ≡ 27), h (12 ≡ 21
and 12 ≡ 24), i (14 ≡ 19 and 14 ≡ 23) and j (15 ≡ 17 and 15 ≡ 28). The quotient space has exactly one vertex, so π1(M27)
has a presentation with generators a, b, c, d, e, f , g , h, i and j and relations a2b = 1, adc−1 = 1, die−1 = 1, ejb = 1,
cj f −1 = 1, bg f −1 = 1, g f h−1 = 1, ceh−1 = 1, jig−1 = 1 and ihd−1 = 1. This presentation is geometric, that is, it arises from
a genus 10 Heegaard diagram of M27. Cancelling successively the reducible handles given by the relator–generator pairs
(a2b,b), (adc−1, c), (die−1, e), (cj f −1, f ), ( jig−1, g) and (ihd−1,h), we get a geometric presentation with generators a, d, i
and j and relations di ja−2 = 1, a−3 ji j−1d−1 = 1, jiadjd−1i = 1 and ad2id−1i = 1. This presentation is induced by a genus 4
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Heegaard diagram of M27. Cancelling successively the reducible handles given by the relator–generator pairs (di ja−2, j) and
(ad2id−1i,a) and setting x = d and y = i, we obtain a 2-generator 2-relator presentation for π1(M27):
π1(M27) =
〈
x, y: (xy)2
(
x−1 yx2 y
)2(
x−2 y−1xy−1
)2
x−2 y
(
x2 yx−1 y
)2 = 1,
x−4 y−1xy−1x−2 y−1x
(
y−1x−1
)3
y−1xy−1x−2 y−1xy−1 = 1〉
which arises from the genus 2 Heegaard diagram of M27 depicted in Fig. 5. In particular, the Heegaard genus of M27 is 2.
The diagram admits an orientation preserving involution given by the symmetries with respect to the marked axes in the
circles x and y and by the symmetry with respect to the axis of ends a and b in the circle u (see Fig. 5). The circle u is
formed by the horizontal axis in the ﬁgure plus the inﬁnity point. By a construction described in [2,17,18], the manifold
M27 is the 2-fold covering of the 3-sphere branched over the 3-bridge π -hyperbolic knot depicted in Fig. 6. By Reidemeister
moves we see that such a knot is equivalent to the knot K27 in Fig. 3.
The manifold M28 comes from an icosahedron with angle 2π/3. The face identiﬁcations imply that (1,5), (2,7), (3,13),
(4,8), (6,15), (9,18), (10,19), (11,16), (12,20) and (14,17) are pairs of equivalent faces on the boundary of the icosahe-
dron. The edge identiﬁcations give ten classes of equivalent edges, denoted by a (1 ≡ 8 and 1 ≡ 17), b (2 ≡ 3 and 2 ≡ 7),
c (4 ≡ 9 and 4 ≡ 25), d (5 ≡ 10 and 5 ≡ 15), e (6 ≡ 11 and 6 ≡ 22), f (12 ≡ 21 and 12 ≡ 30), g (13 ≡ 24 and 13 ≡ 27),
h (14 ≡ 23 and 14 ≡ 28), i (16 ≡ 19 and 16 ≡ 26) and j (18 ≡ 20 and 18 ≡ 29). The quotient space has exactly one vertex,
so π1(M28) has a presentation with generators a, b, c, d, e, f , g , h, i and j and relations ab2 = 1, adc−1 = 1, dhe−1 = 1,
bed = 1, cai = 1, ej f −1 = 1, f gc−1 = 1, ig j−1 = 1, jhf = 1 and hgi−1 = 1. This presentation is geometric, i.e., it arises
from a genus 10 Heegaard diagram of M28. Cancelling successively the reducible handles given by the relator–generator
pairs (adc−1, c), (dhe−1, e), (adai, i), (dhj f −1, f ) and (adajg−1, g), we get a geometric presentation with generators a, b,
d, h and j and relations ab2 = 1, bdhd = 1, dhjadajd−1a−1 = 1, jhdhj = 1 and hadajada = 1. This presentation is induced
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by a genus 5 Heegaard diagram of M28. Cancelling successively the reducible handles given by the relator–generator pairs
(ab2,a), (bdhd,h) and (hadajada, j) and setting x = b and y = d, we obtain a 2-generator 2-relator presentation for π1(M28):
π1(M28) =
〈
x, y:
(
y−1x2
)2(
yxyx2 y−1x2
)2
y−1x = 1,
x4 y−1x2 yxyx2 y−1x2
(
y−1x−1
)2(
y−1x2
)2
yxyx2 y−1 = 1〉
which arises from the genus 2 Heegaard diagram of M28 depicted in Fig. 7. In particular, the Heegaard genus of M28 is 2.
The diagram admits an orientation preserving involution given by the symmetries with respect to the marked axes in the
circles x and y and by the symmetry with respect to the axis of ends a and b in the circle u (see Fig. 7). The circle u is
formed by the horizontal axis in the ﬁgure plus the inﬁnity point. By a construction described in [2,17,18], the manifold
M28 is the 2-fold covering of the 3-sphere branched over the 3-bridge π -hyperbolic knot depicted in Fig. 8. By Reidemeister
moves we see that such a knot is equivalent to the knot K28 in Fig. 3.
For the manifold M26, we obtain the following 2-generator 2-relator presentation for its fundamental group:
π1(M26) =
〈
x, y: x2 yxyx2 yx−1 yx2 yx−1 y2x−1 yx2 yx−1 y = 1,
xy−1
(
x−2 y−1x
)3
x−3 y−1xy−1
(
x−2 y−1x
)3
x−3 y−1xy−1x−2
(
y−1x
)2
y−1x−2 y−1 = 1〉
which arises from a genus 2 Heegaard diagram of M26. This diagram admits an orientation preserving involution which gives
a representation of M26 as 2-fold cyclic covering of the 3-sphere branched over the 3-bridge π -hyperbolic knot K26 in Fig. 3.
The properties of the knots K26, K27 and K28 listed in statement (e) of the theorem, are obtained by using SnapPea program.
Since the knot K28 is invertible and hyperbolic, it is also strongly invertible (see for example [8, Proposition 10.3.3]). Recall
that a knot K in S3 is strongly invertible if there is an involution of (S3, K ) which preserves the orientation of S3 and
reverses the orientation of K . If K is strongly invertible, then K is invertible, but not vice versa, in general. So K27 is
not strongly invertible because it is non-invertible. Now we prove that the hyperbolic manifolds M27 and M28 are not
homeomorphic. By [10] two knots having the same hyperbolic 2-fold covering are related by three (dihedral) constructions,
denoted by II, III and IV in [10] (for the deﬁnitions we refer to the quoted paper). If two knots are related by dihedral
constructions III and IV, they must be both strongly invertible. This is not the case for the knots K27 and K28. If two knots
are related by dihedral construction II, then they must be both periodic of period 2, that is, each one of them admits a
symmetry of order 2 whose nonvoid ﬁxed point set is disjoint from the knot. This situation cannot happen for the knots
K27 and K28 because their symmetry group is Z2. Thus the manifolds M27 and M28 are distinct. The isometry groups of
such manifolds are isomorphic to Z2 × Z2 (use [11] and [14]). The action is different geometrically: in the case of the
strongly invertible knot, all the three involutions have nonvoid ﬁxed point set while in the other case one of the involutions
acts freely on the manifold. This proves again that the manifolds M27 and M28 are not homeomorphic.
Theorem 2.1. The hyperbolic Z2-homology 3-spheres M27 and M28 have Heegaard genus 2, ﬁrst integral homology group Z29 , hyper-
bolic volume 4.686034274 . . . and isometry group Z2 × Z2 , but they are not homeomorphic.
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Fig. 8. A planar projection of the 3-bridge π -hyperbolic knot K28.
We remark that the hyperbolic Z2-homology 3-sphere M26 of Heegaard genus 2 has isometry group Z32. Furthermore,
vol(M26) = 4.686034274 . . . and H1(M26) ∼= Z35.
3. One-parameter families of hyperbolic manifolds
The manifolds M24 and M25 are the ﬁrst elements of two distinct inﬁnite series of closed connected orientable 3-
manifolds, denoted by M24(n) and M25(n), respectively, for every n  3. The manifolds M24(n) are combinatorially deﬁned
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an analogous Zn-symmetric description for M25(n) in the same manner. Such polyhedra with side pairings induce geometric
presentations for the fundamental groups of the manifolds. More precisely, we have
π1
(
M24(n)
) ∼= 〈u, xi, yi, zi (i = 1, . . . ,n): x1x2 · · · xn = 1, xiu = yi,
xi yi+2 = zi+2, z2i yi−1 = 1 (i = 1, . . . ,n; subscripts mod n)
〉
∼= 〈zi (i = 1, . . . ,n): z1z22z2z33 · · · zn−1z2n = 1,
zi+2z2i+3uz
2
i+1 = 1 (i = 1, . . . ,n; subscripts mod n)
〉
and
π1
(
M25(n)
) ∼= 〈u, xi, yi, zi (i = 1, . . . ,n): x1x2 · · · xn = 1, xi yi = u,
yi zi = xi−1, zi−1zi = yi−1 (i = 1, . . . ,n; subscripts mod n)
〉
∼= 〈zi (i = 1, . . . ,n): (z1z2z1)(z2z3z2) · · · (znz1zn) = 1,
zi+1zi+2zi+1zi zi+1 = u (i = 1, . . . ,n; subscripts mod n)
〉
.
For every n 3, these manifolds are hyperbolic with volumes given by
volM24(n) = volM25(n) = (n/3)(4.686034274 . . .) ∼ n(1.56),
hence they are distinct for different values of n. Moreover, the inﬁnite series are also distinct since the ﬁrst homology groups
of M24 = M24(3) and M25 = M25(3) are not isomorphic, and so the links L24 and L25 are not equivalent. Summarizing we
have the following result:
Theorem 3.1. There are two inﬁnite series of closed connected orientable 3-manifolds M24(n) and M25(n), n  3, which are n-fold
strongly cyclic coverings of the lens space L(3,1) branched along two (non-equivalent) 2-component links L24 and L25 , respectively
(see Fig. 2). The singular sets of the branched coverings are the images of the North–South axis of the Zn-symmetric polyhedral
schemata, deﬁning M24(n) and M25(n), under the rotational actions plus the images of the loops labelled by u (see Fig. 4). The above
presentations of the fundamental groups are geometric, that is, they arise from Heegaard diagrams (or, equivalently, spines) of the
considered manifolds. These combinatorial constructions provide two inﬁnite series of hyperbolic closed orientable 3-manifolds.
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